The modern physics of superconductivity can be called the physics of unconventional superconductivity. The discovery of the d-wave symmetry of the order parameter in hightemperature superconductors and the triplet superconductivity in compound Sr 2 RuO 4 has caused a huge stream of theoretical and experimental investigations of unconventional superconductors. In this review we discuss some novel aspects of the Josephson effect which are related to the symmetry of the order parameter. The most intriguing of them is spontaneous current generation in an unconventional weak link. The example of a Josephson junction in the form of a grain boundary between two disorientated d-wave or f -wave superconductors is considered in detail. Josephson current-phase relations and the phase dependences of the spontaneous current that flows along the interface are analyzed. The spontaneous current and spontaneous phase difference are manifestations of the time-reversal symmetry ͑T ͒ breaking states in the system. We analyzed the region of appearance of T-breaking states as function of temperature and mismatch angle. A review of the basics of superconducting qubits with emphasis on specific properties of d-wave qubits is given. Recent results in the problem of decoherence in d-wave qubits, which is the major concern for any qubit realization, are presented.
INTRODUCTION
The modern physics of superconductivity can be called the physics of unconventional superconductivity. It should be noted that right after the famous paper 1 of Bardeen, Cooper, and Schriffer ͑BCS͒ it became clear that ͑conventional͒ s-wave singlet pairing is not the only possibility, 2,3 and more-complex superconducting ͑superfluid͒ states may be realized, with nonzero orbital and spin momenta of the Cooper pairs. Because of the success of the BCS theory in describing properties of the known metallic superconductors, theoretical research on unconventional superconductivity was of purely academic interest and did not attract much attention. Interest in unconventional pairing symmetry has increased after the discovery of superfluidity in 3 He, with triplet spin symmetry and multiple superfluid phases. 4, 5 Lowtemperature experiments on complex compounds led to the discovery of unconventional superconductivity in heavyfermion systems. 6 The heavy-fermion metal UPt 3 , like 3 He, has a complex superconducting phase diagram, which shows the existence of several superconducting phases, while a weak temperature dependence of the paramagnetic susceptibility indicates triplet pairing. Another triplet superconductor is the recently discovered compound Sr 2 RuO 4 .
The real boom in investigations of unconventional superconductivity started after the discovery by Bednorz and Müller 7 of high-temperature ͑high-T c ) superconductivity in cuprates, because of its fundamental importance for both basic science and practical applications. Numerous experiments show that high-T c cuprates are singlet superconductors with nontrivial orbital symmetry of the order parameter ͑a socalled d-wave state, with the orbital moment of pairs lϭ2).
The Josephson effect 8 is extremely sensitive to the dependence of the complex order parameter on the momentum direction on the Fermi surface. Thus the investigation of this effect in unconventional superconductors enables one to distinguish among different candidates for the symmetry of the superconducting state. This has stimulated numerous theoretical and experimental studies of unconventional Josephson weak links. One of the possibilities for forming a Josephson junction is to create a point contact between two massive superconductors. A microscopic theory of the stationary Josephson effect in ballistic point contacts between conventional superconductors was developed in Ref. 9 . Later this theory was generalized for a pinhole model in 3 He, 10, 11 for point contacts between d-wave high-T c superconductors, [12] [13] [14] and for triplet superconductors. 15 A detailed theory of the Josephson properties of grain-boundary d-wave junctions was developed in Ref. 16 . In those papers it was shown that the current-phase relations for the Josephson current in unconventional weak links are quite different from those of conventional superconductors. One of the most striking manifestations of a unconventional order-parameter symmetry is the appearance, together with the Josephson current, of a spontaneous current flowing along the contact The classification and description of unconventional superconducting states can be found, for example, in the book 18 and review articles. [19] [20] [21] [22] [23] In our review we do not aim to discuss this problem in detail. We present only general information on the unconventional superconductors and their most likely model descriptions.
It is well known 1 that a Cooper pair has zero orbital momentum, and its spin can be either Sϭ0 ͑singlet state͒ or Sϭ1 ͑triplet state͒. It follows from the Pauli exclusion principle that the matrix order parameter of the superconductor ⌬ ␣␤ (k) ͑␣,␤ are spin indices͒ changes sign under permutation of particles in the Cooper pair: ⌬ ␣␤ (k)ϭϪ⌬ ␤␣ (Ϫk). Hence, the even parity state is a singlet state with zero spin moment, Sϭ0:
g͑k͒ϭg͑Ϫk͒. ͑1͒
The odd parity state is a triplet state with Sϭ1, which is in general a linear superposition of three substates with different spin projection S z ϭϪ1,0,1:
d͑Ϫk͒ϭϪd͑k͒. ͑2͒
Here the i are Pauli matrices (iϭx,y,z); d͑k͒ and ϭ( x , y , z ) are vectors in the spin space. The components of the vector d͑k͒ are related with the amplitudes g S z (k) of states with different spin projections S z ϭ(Ϫ1,0,1) on the quantization axis: g 1 ϭϪd x ϩid y ; g 0 ϭd z ; g Ϫ1 ϭd x ϩid y . ͑3͒
The functions g(k) and d͑k͒ are frequently referred to as an order parameter of the superconductor. For the isotropic model g(k)ϭconst the paring state is singlet. In a triplet superconductor the order parameter d͑k͒ is a vector ͑some authors call it the gap vector͒ in the spin space and in any case it depends on the direction on the Fermi surface. This vector defines the axis along which the Cooper pairs have zero spin projection.
The angular dependence of the order parameter is defined by the symmetry group G of the normal state and the symmetry of the electron interaction potential, which can break the symmetry G. In a model of an isotropic conductor the quantum states of the electron pair can be described in terms of an orbital momentum l and its z projection m. The singlet ͑triplet͒ superconducting state is the state with an even ͑odd͒ orbital momentum l of Cooper pairs. The respective states are labeled by letters s,p,d,... ͑similar to the labeling of electron orbital states in atom͒ and are called s-wave, p-wave, d-wave, . . . states. In the general case the superconducting state may be a mixture of states with different orbital momenta l.
The spherically symmetrical superconducting state, which now is frequently called the conventional one, corresponds to s-wave singlet pairing lϭmϭSϭ0. In this case of isotropic interaction, the order parameter is a single complex function gϭconst. Fortunately, this simple model satisfactorily describes the superconductivity in conventional metals, where the electron-phonon interactions leads to spin-singlet pairing with s-wave symmetry. The simplest triplet superconducting state is the state with p-wave pairing and orbital momentum of a Cooper pair lϭ1. In the case of p-wave pairing different superconducting phases with different mϭ Ϫ1,0,1 are possible. A Cooper pair in a p-wave superconductor has internal structure, because for lϭ1 it is intrinsically anisotropic. The next singlet d-wave state has the orbital momentum of Cooper pairs lϭ2.
In unconventional superconducting states the Cooper pairs may have a nonzero expectation value of the orbital L or ͑and͒ spin S momentum of a pair. States with S 0 (S ϭ0) are usually called nonunitary ͑unitary͒ triplet states.
The gap ⌬͑k͒
in the energy spectrum of elementary excitations is given by the relations
In unconventional superconductors the gap can be equal to zero for some directions on the Fermi surface, and for nonunitary states (S 0, so-called magnetic superconductors͒ the energy spectrum has two branches.
In the absence of magnetic field the transition to a superconducting state is a second-order phase transition. According to the Landau theory 24 of second-order phase transitions, the order parameter of such a state must transform according to one of the irreducible representations of the point symmetry group G of the normal phase, i.e., the symmetry group of the superconducting state is a subgroup of the symmetry group of the normal state. The symmetry group G of the normal state contains the symmetry operations G spin-orbit in spin and orbital ͑coordinate͒ spaces, the operation of time reversal T, and the gauge transformation U(1):
GϭU͑1 ͒ϫT ϫG spin-orbit .
The transition to a superconducting state breaks the gauge symmetry U (1) , and states with different phases of the order parameter become distinguishable. The conventional superconducting state is described by the symmetry group HϭT ϫG spin-orbit . If another point symmetry property of the superconducting state is broken, such a superconductor is termed an unconventional one. The order parameter of different superconducting states can be expanded on basis functions of different irreducible representations of the point symmetry group G. For non-one-dimensional representations the order parameter is a sum of a few complex functions with different phases, and such an order parameter is called a multicomponent one.
In real crystalline superconductors there is no classification of Cooper pairing by angular momentum (s-wave, p-wave, d-wave, f -wave pairing, etc.͒. However, these terms are often used for unconventional superconductors, meaning that the point symmetry of the order parameter is the same as that for the corresponding representation of the SO(3) symmetry group of an isotropic conductor. In this terminology conventional superconductors can be referred to as s-wave. If the symmetry of ⌬ cannot be formally related to any irreducible representation of the SO(3) group, these states are usually referred to as hybrid states. 8 and others͒ have a layered structure with the common structural ingredient-the CuO 2 planes. In some approximation these compounds may be considered as quasitwo-dimensional metals having a cylindrical Fermi surface. It is generally agreed that superconductivity in cuprates basically originates from the CuO 2 layers. Knight shift measurements 25 below T c indicate that in the cuprate superconductors pairs form spin singlets, and therefore evenparity orbital states.
The data of numerous experiments ͑see, for example, the review article 19 ͒, in which the different properties of cuprate superconductors had been investigated, and the absence of multiple superconducting phases attests that the superconducting state in this compounds is most probably described by a one-component nontrivial order parameter of the form
where ⌬(T) is a real scalar function, which depends only on the temperature T, and k ϭ(k x ,k y ). This type of pairing is a two-dimensional analog of the singlet superconducting state with lϭ2 in an isotropic metal and usually is called ''d-wave'' ͑or d x 2 Ϫy 2) pairing. The excitation gap ͉g(k)͉ has four line nodes on the Fermi surface at n ϭ(/4)(2nϩ1), nϭ0,1,2,3 ͑Fig. 1͒, and the order parameter g(k) changes sign in momentum space.
Triplet superconductivity, an analog of triplet superfluidity in 3 He, was first discovered in the heavy-fermion compound UPt 3 more than ten years ago. 26, 27 Other triplet superconductors have been found recently: Sr 2 RuO 4 ͑Refs. 28, 29͒ and (TMTSF) 2 PF 6 ͑Ref. 30͒. In these compounds, the triplet pairing can be reliably determined, e.g., by Knight shift experiments. [31] [32] [33] It is, however, much harder to identify the symmetry of the order parameter. Apparently, in crystalline triplet superconductors the order parameter depends on the direction in momentum space, k , in a more complicated way than the well-known p-wave behavior of the superfluid phases of 3 He. While numerous experimental and theoretical works have investigated various thermodynamic and transport properties of UPt 3 and Sr 2 RuO 4 , the precise orderparameter symmetry is still to be determined ͑see, e.g., Refs. 34 -37 and references therein͒. Symmetry considerations allow considerable freedom in the choice of irreducible representation and its basis. Therefore numerous authors ͑see, for example, Refs. 34 -40͒ consider different models ͑so-called scenarios͒ of superconductivity in UPt 3 and Sr 2 RuO 4 , based on possible representations of crystallographic point groups. A conclusion as to the symmetry of the order parameter can be reached only after a comparison of the theoretical results with experimental data.
Pairing symmetry in Sr 2 RuO 4 . In experiment, Sr 2 RuO 4 shows clear signs of triplet superconductivity below the critical temperature T c ϭ1.5 K. Investigation of the specific heat, 41 penetration depth, 42 thermal conductivity, 43 and ultrasound absorption 44 shows a power-law temperature dependence, which is evidence of line nodes in the energy gap in the spectrum of excitations. The combination of these results with the Knight shift experiment 32 led to the conclusion that Sr 2 RuO 4 is an unconventional superconductor with spintriplet pairing. A layered perovskite material, Sr 2 RuO 4 has a quasi-two-dimensional Fermi surface. 45 The first candidate for the superconducting state in Sr 2 RuO 4 was the ''p-wave'' model [45] [46] [47] FIG. 1. The modulus of the order parameter ͉g(k)͉ ͑7͒ in momentum space for a d-wave superconductor. d͑k͒ϭ⌬ẑ͑k x Ϯik y ͒.
͑8͒
The order parameter of the form ͑8͒ is a two-dimensional analog (k ϭ(k x ,k y )) of the order parameter in the A phase of 3 He. The d vector pointing along the z direction implies that the spin part of the Cooper pair wave function is the spintriplet state with S z ϭ0, i.e., in-plane equal-spin pairing ͑the z direction is along the c axis of Sr 2 RuO 4 ). In a system with cylindrical symmetry the orbital part of the pair wave function is a state with finite angular momentum along the z axis, L z ϭϮ1.
However, the model ͑8͒ does not describe the whole corpus of the experimental data. Recently 36, 37 it was shown that the pairing state in Sr 2 RuO 4 most likely has lines of nodes, and some others models of the order parameter have been proposed: 36, 37 
In unitary states ͑8͒-͑10͒ the Cooper pairs have LϭϮ1 and Sϭ0. Theoretical studies of specific heat, thermal conductivity, and ultrasound absorption for different models of triplet superconductivity show considerable quantitative differences between calculated dependences for ''p-wave'' and ''f -wave'' models. 34 -36,40 Heavy fermion superconductor UPt 3 . One of the bestinvestigated heavy fermion superconductors is the heavyfermion compound UPt 3 ͑Refs. 34 and 35͒. The weak temperature dependence of the Knight shift, 31 multiple superconducting phases, 26 unusual temperature dependence of the heat capacity, 48 thermal conductivity, 49, 50 and sound absorption 51 in UPt 3 show that it is a triplet unconventional superconductor with a multicomponent order parameter.
The heavy-fermion superconductor UPt 3 belongs to the hexagonal crystallographic point group D 6h . The models which have been successful in explaining the properties of the superconducting phases in UPt 3 is based on the oddparity two-dimensional representation E 2u . These models describe the hexagonal analog of spin-triplet f -wave pairing.
One of the models corresponds to the strong spin-orbital coupling with vector d locked along the lattice c axis (c ʈ ẑ ). 34, 35 For this model dϭẑ
and Y 2 ϭ2k x k y k z are the basis functions of the representation. For the high-temperature polar phase ( 1 ϭ1, 2 ϭ0)
and for the low-temperature axial phase ( 1 ϭ1, 2 ϭi)
where 
and the nonunitary bipolar state
More models for the order parameter in UPt 3 are discussed in Refs. 21, 34 and 35. The models ͑8͒-͑10͒, ͑12͒, ͑14͒ are interesting in that they spontaneously break timereversal symmetry ͑T -breaking͒, which we discuss in the next Section. reversal symmetry T and parity P are broken, is a charged particle in an external magnetic field H, where ͑r,H͒ and *(r,ϪH) are solutions of the Schrödinger equation, while (r,ϪH) and *(r,H) describe different degenerate states of the system. This fact is crucial for understanding of the appearance of nondissipative ͑persistent͒ currents in mesoscopic rings, that reflects the broken clockwisecounterclockwise symmetry of electron motion along the ring, caused by the external vector potential.
Unconventional superconductivity allows for a large variety of possible phases. In some of them T and P are violated; such superconductors are frequently called chiral ones. ͑The word ''chiral,'' literally ''handed,'' was first introduced into science by Lord Kelvin ͑William Thomson͒ in 1884.͒ The time reversal ͑that is, complex conjugation͒ of a onecomponent order parameter is equivalent to its multiplication by a phase factor and does not change the observables. Therefore only in unconventional superconductors with a multicomponent order parameter can the T-symmetry be broken. In particular, all superconducting states possessing nonzero orbital or/and spin momenta are chiral ones.
If the T-symmetry is broken, the superconducting phase is determined not only by the symmetry of the order parameter but also by the topology of the ground state. The latter is characterized by the integer-valued topological invariant N in momentum space. [52] [53] [54] [55] [56] [57] [58] Among the various implications of chirality, perhaps the most striking is the set of chiral quasiparticle states, localized at the surface. These chiral states carry spontaneous dissipation-free currents along the surface. They are gapless, in contrast to bulk quasiparticles of the superconductor. 55 Volovik and Gor'kov 52 have classified chiral superconducting states into two categories, the so-called ''ferromagnetic'' and ''antiferromagnetic'' states. They are distinguished by the internal angular moment of the Cooper pairs. In the ''ferromagnetic'' state the Cooper pairs possess a finite orbital or ͑for nonunitary states͒ spin moment, while in the ''antiferromagnetic'' state they have no net moments.
In high-temperature superconductors with the order parameter ͑7͒ the time reversal T-symmetry is preserved in the bulk. However, it has been shown theoretically ͑see the review 22 Among the heavy-fermion superconductors there are two well-known systems which have T-violating bulk superconducting phases: UPt 3 and U 1Ϫx Th x Be 13 (0.017ϽxϽ0.45). These materials show double superconducting transitions on decreasing temperature, and T-violation is associated with the second of them. The proposed models ͑12͒ and ͑14͒ of the order parameter in UPt 3 correspond to the T-violating states. A more recent candidate for T-violating superconductivity is Sr 2 RuO 4 . The ''p-wave'' and ''f -wave'' unitary models ͑8͒-͑10͒ describe the T-violating bulk superconducting phases with finite orbital moments of the Cooper pairs.
T-breaking leads to interesting macroscopic physics in a superconductor. Local currents generating orbital angular momenta flow in the bulk. In general, superconductivity and magnetism are antagonistic phenomena, but in this case, the superconducting state generates its own magnetism. The Meissner-Ochsenfeld effect, however, prevents uniform magnetization inside the superconductor, and magnetism is restricted to areas of inhomogeneities-that is, around impurities and domain walls or at interfaces and surfaces. In these regions, spontaneous supercurrents flow. The surface current generates a spontaneous magnetic moment. 59, 60 In triplet superconductors all nonunitary models break time-reversal symmetry. For these states Cooper pairs have finite spins, while the magnetization in the bulk is negligible. It was demonstrated that chiral superconductors could show quantum Hall-like effects even in the absence of an external magnetic field:
61 a transverse potential difference would appear in response to the supercurrent.
Tests for order parameter in unconventional superconductors
The simplest way to test the unconventional superconducting state is to investigate the effect of impurity scattering on kinetic and thermodynamic characteristics. For s-wave superconductors, nonmagnetic impurities have no effects on T c ͑Anderson's theorem͒. In superconductors with unconventional pairing the nonmagnetic impurities induce pairbreaking and suppress superconductivity. Increasing impurity concentration leads to the isotropization of the order parameter. In the state with broken spatial symmetry the only way to achieve it is make the order parameter to zero over entire Fermi surface. This happens if ⌬ 0 ϳ1, where ⌬ 0 is of the order of the average gap magnitude in the absence of impurities at Tϭ0, and is the quasiparticles' mean free time. [62] [63] [64] The Knight shift ␦ of the nuclear magnetic resonance ͑NMR͒ frequency ͑for details, see Ref. 65͒ is the most suitable instrument for determining the spin structure of the superconducting state. Because it results from electron interaction with nuclear magnetic moments, ␦ is proportional to the Pauli paramagnetic susceptibility of normal electrons, the temperature dependence of ␦(T) depends strongly on whether the pairing is singlet or triplet. In singlet superconductors the Cooper pair spin Sϭ0, and the density of normal electrons goes to zero at T→0. Therefore ␦→0 as well. In triplet superconductors both Cooper pairs and excitations contribute to the susceptibility , which changes little with decreasing temperature.
The presence of point and line nodes of the order parameter in unconventional superconductors may be determined from the temperature dependence of thermodynamic quantities and transport coefficients. In fully gapped (⌬ϭconst) s-wave superconductors they display thermally activated behavior (ϳexp(Ϫ⌬/T)). In a superconductor with nodes in the gap of the elementary excitation spectrum the thermodynamic and kinetic quantities have power-law temperature dependence.
The most-detailed information on the order parameter can be obtained from phase-sensitive pairing symmetry tests.
These are based on Josephson tunneling and flux quantization: SQUID interferometry, tricrystal and tetracrystal magnetometry, magnetic flux imaging, and thin-film SQUID magnetometry ͑for review see Ref. 19 and references therein͒.
JOSEPHSON EFFECT AND SPONTANEOUS CURRENTS IN JUNCTIONS BETWEEN UNCONVENTIONAL SUPERCONDUCTORS

Superconducting weak links
The Josephson effect 8 arises in superconducting weak links-the junctions of two weakly coupled superconductors ͑massive banks͒ S 1 and S 2 . The coupling ͑contacting͒ allows the exchange of electrons between the banks and establishes the superconducting phase coherence in the system as a whole. The weakness of the coupling means that the superconducting order parameters of the banks are essentially the same as for separate superconductors, and they are characterized by the phases of the order parameters 1 and 2 . The Josephson weak link could be considered as the ''mixer'' of two superconducting macroscopic quantum states in the banks. The result of the mixing is a phase-dependent currentcarrying state with current flowing from one bank to another. This current ͑Josephson current͒ is determined ͑param-etrized͒ by the phase difference ϭ 2 Ϫ 1 across the weak link.
Classification. General properties. According to the type of coupling, Josephson junctions can be classified as follows. 1͒ Tunnel junctions ͑originally considered by Josephson͒, S-I-S ͑I is an insulator layer͒. Weak coupling is provided by quantum tunneling of electrons through a potential barrier. 2͒ Junctions with direct conductivity, S-c-S ͑c is a geometrical constriction͒. These are the microbridges or point contacts.
To have the Josephson behavior the constriction size must be smaller than the superconducting coherence length ϳបv F /⌬. 3͒ Junctions based on the proximity effect, S-N-S ͑N is a normal metal layer͒, S-F-S ͑F is a ferromagnetic metal layer͒. The different combinations of these types of junctions are possible, e.g., S-I-N-I-S or S-Ic-S structures. Another type of Josephson weak links are the multiterminal Josephson microstructures, in which the several banks ͑more than two͒ are coupled simultaneously with each other. [66] [67] [68] [69] An important characteristic of a Josephson junction is the current-phase relation ͑CPR͒ I s (). It relates the dc supercurrent flowing from one bank to another with the difference of the phases of the superconducting order parameter in the banks. The maximum value of I s () determines the critical current I c in the system. The specific form of the CPR depends on the type of weak link. Only in a few cases does it reduce to the simple form I s ()ϭI c sin() that was predicted by Josephson for the case of a S-I-S tunnel junction. In the general case the CPR is a 2-periodic function. For conventional superconductors it also satisfies the relation I s ()ϭϪI s (Ϫ). The latter property of CPR is violated in superconductors with broken time-reversal symmetry. [70] [71] [72] [73] For general properties of the CPR and its form for different types of weak links the reader is referred to the books and reviews.
66,74 -76
Unconventional Josephson weak links. The properties of the current-carrying states in the weak link depend not only on the manner of coupling but also on the properties of the banks states. For example, the S-c-S junction with the banks subjected to external transport current was considered in Ref. 77 . In such a system the time-reversal symmetry is artificially broken, which leads to some interesting features in the junction properties ͑the appearance of vortex-like states and a surface current flowing opposite to the tangential transport current in the banks͒. In this review we consider the junctions formed by unconventional (d-wave and triplet͒ superconducting banks, which we call unconventional Josephson weak links. The most striking manifestation of the unconventional symmetry of the order parameter in the junction is the appearance of a spontaneous phase difference and spontaneous surface current in the absence of current flowing from one bank to the other.
Junctions between d-wave superconductors
Measurements of the characteristics of unconventional Josephson weak links give information about the symmetry of superconducting pairing ͑see the review 78 ͒. There are several approaches to the calculation of coherent current states in unconventional Josephson junctions. These include the Ginzburg-Landau treatment, 22 description in the language of Andreev bound states, 79 and the numerical solution of the Bogoljubov-de Gennes equations on a tight binding lattice. 80 A powerful method of describing inhomogeneous superconducting states is based on the quasiclassical Eilenberger equations for the Green's functions integrated over energy. 81 It was first used in Ref. a -b axis orientations ͑angles 1 and 2 in Fig. 4͒ . Far from the interface (x→ϯϱ) the order parameter is equal to the bulk values ⌬ 1,2 (v F ). In the vicinity of the interface xϭ0, if the angles 1 and 2 do not coincide, the value of ⌬ deviates from ⌬ 1,2 . To describe the coherent current states in the system, the Eilenberger equations ͑A4͒ for the Green's functions must be solved simultaneously with the equation for ⌬ ͑A5͒. The equation of self-consistency ͑A5͒ determines the spatial distribution of ⌬͑r͒. The problem of solving the coupled equations ͑A4͒ and ͑A5͒ can be treated by numerical calculations. Analytical solutions can be obtained for the model ͑non-self-consistent͒ distribution of ⌬͑r͒:
The phase is the global phase difference between superconductors S 1 and S 2 . In the following we consider the case of an ideal interface with transparency Dϭ1. For the influence of interface roughness and effect of surface reflectancy (D 1) as well as the numerical self-consistent treatment of the problem, see Ref. 16 .
Analytical solutions in the model with the non-selfconsistent order-parameter distribution ͑15͒ are presented in Appendix II. Using the expressions ͑A9͒, ͑A12͒ and ͑A13͒, we obtain the current densities j x (xϭ0)ϵ j J and j y (xϭ0) ϵ j S :
͑17͒
We denote by j J the Josephson current flowing from S 1 to S 2 and by j S the surface current flowing along the interface boundary. Expressions ͑16͒ and ͑17͒ are valid ͑within the applicability of the model ͑15͒͒ for arbitrary symmetry of the order parameters ⌬ 1,2 . In particular, for s-wave superconductors from Eq. ͑16͒ we have the current-phase relation for the Josephson current in a conventional (s-wave͒ 2D ballistic S-c-S contact:
The surface current j S ͑17͒ equals zero in this case. In these figures, the left superconductor is assumed to be aligned with the boundary, while the orientation of the right superconductor varies. The Josephson current-phase relation ͑Fig. 5a͒ demonstrates a continuous transition from a -periodic ͑sawtooth-like͒ line shape at ␦ϭ45°to a 2-periodic one for small ␦, as expected in the case of a clean DND junction. 82 The phase dependence of the surface current ͑Fig. 5b͒ is also in qualitative agreement with results for SND and DND junctions. 
Spontaneous currents and bistable states
In contrast to the weak link between two conventional superconductors, the current j S is not identically equal to zero. Moreover, in some region of angles 1 and 2 a value of the equilibrium phase difference ϭ 0 exists at which (d j J ()/d) ϭ 0 Ͼ0 and j J ( 0 )ϭ0 but j S ( 0 ) 0. These spontaneous phase difference 0 and spontaneous current j S ( 0 )ϵ j spon correspond to the appearance of time-reversal symmetry breaking states in the system ͑in fact, two values Ϯ 0 of the phase and corresponding spontaneous currents Ϯ j spon appear͒. The region of T-breaking states ͑as a function of temperature and mismatch angle͒ is shown in Fig. 6 . In Figs. 6 and 7 we also present the self-consistent numerical result, 16 for comparison. Only in the asymmetric ␦ϭ45°j unction does the degeneracy ͑at ϭϮ/2) survive at all temperatures, due to its special symmetry which leads to complete suppression of all odd harmonics of I(); gener- ally, 0 →0 at some temperature that depends on the orientation. The equilibrium value of the spontaneous current is nonzero in a certain region of angles and temperatures ͑Fig. 
Junctions between triplet superconductors
The Josephson effects in the case of triplet pairing was first discovered 84, 85 in weak links in 3 He. It was found that at low temperatures the mass current-phase dependence J() can essentially differ from the case of a conventional superconductor, and a so-called ''-state'' (JЈ()Ͼ0) is possible. 85, 86 In several theoretical papers the Josephson effect has been considered for a pinhole in a thin wall separating two volumes of 3 He-B. 10, 11, 13, [87] [88] [89] [90] The discovery of metal superconducting compounds with triplet pairing of electrons has made topical the theoretical investigation of the Josephson effect in these superconductors. The Josephson effect is much more sensitive to dependence of ⌬͑k͒ on the momentum direction on the Fermi surface than are the thermodynamic and kinetic coefficients. In this Section the consideration of the Josephson effect in point contacts is based on the most favorable models of the order parameter in UPt 3 and Sr 2 RuO 4 , which were presented in Sec. 2. Knowing the component g 1 (0) ͑A29͒ of the Green's function g (k ,r, m ), one can calculate the current density at the interface, j͑0͒:
where
͑19͒
The real vectors ⌬ 1,2 are related to the gap vectors d 1,2 (k ) in the banks by the relation
The angle is defined by
Misorientation of the crystals would generally result in the appearance of a current along the interface, 17 as can be calculated by projecting the vector j on the corresponding direction.
We consider a rotation R in the right superconductor only ͑see Fig. 9͒ , ͑i.e., d 2 (k )ϭRd 1 (R Ϫ1 k )). We choose the c axis in the left half-space along the partition between the superconductors ͑along the z axis in Fig. 9͒ . To illustrate the results obtained by computing the formula ͑18͒, we plot the current-phase relation for different below-mentioned scenarios of ''f -wave'' superconductivity for two different geometries corresponding to different orientations of the crystals to the right and to the left at the interface ͑see Further calculations require a definite model of the vector order parameter d.
Current-phase relations and spontaneous surface currents for different scenarios of ''f-wave'' superconductivity
Let us consider the models of the order parameter in UPt 3 which are based on the odd-parity E 2u representation of the hexagonal point group D 6h . The first of them corresponds to the axial state ͑12͒ and assumes the strong spinorbital coupling, with the vector d locked along the c axis of the lattice. The other candidate to describe the orbital states, which imply that the effective spin-orbital coupling in UPt 3 is weak, is the unitary planar state ͑13͒. The coordinate axes x,y,z here and below are chosen along the crystallographic axes â,b ,ĉ as at the left in Fig. 9 . These models describe the hexagonal analog of spin-triplet f -wave pairing.
In Fig. 10 we plot the Josephson current-phase relation j J ()ϭ j y (yϭ0) calculated from Eq. ͑18͒ for both the axial ͓with the order parameter given by Eq. ͑12͔͒ and the planar ͓Eq. ͑13͔͒ states for a particular value of ␣ under the rotation of the basal plane ab to the right ͓the geometry ͑i͔͒. For simplicity we use a spherical model of the Fermi surface. For the axial state the current-phase relation is just a slanted sinusoid, and for the planar state it shows a ''-state.'' The appearance of the -state at low temperatures is due to the fact that different quasiparticle trajectories contribute to the current with different effective phase differences (k ) ͓see Eqs. ͑18͒ and ͑19͔͒.
11 Such a different behavior can be a criterion for distinguishing between the axial and the planar states, taking advantage of the phase-sensitive Josephson effect. Note that for the axial model the Josephson current formally does not equal zero at ϭ0. This state is unstable ͑does not correspond to a minimum of the Josephson energy͒, and the state with a spontaneous phase difference ͑value 0 in Fig. 10͒ , which depends on the misorientation angle ␣, is realized.
The remarkable influence of the misorientation angle ␣ on the current-phase relation is shown in Fig. 11 for the axial state in the geometry ͑ii͒. For some values of ␣ ͑in Fig.  11 it is ␣ϭ/3) there are more than one state which correspond to minima of the Josephson energy ( j J ϭ0 and d j J /dϾ0).
The calculated x and z components of the current, which are parallel to the surface, j S (), are shown in Fig. 12 for the same axial state in the geometry ͑ii͒. Note that the current tangential to the surface as a function of is nonzero when the Josephson current ͑Fig. 11͒ is zero. This spontaneous tangential current is due to the specific ''proximity effect,'' similar to spontaneous current in contacts between ''d-wave'' superconductors. 17 The total current is determined by the Green's function, which depends on the order parameters in both superconductors. As a result, for nonzero misorientation angles a current parallel to the surface can be generated. In the geometry ͑i͒ the tangential current for both the axial and planar states at Tϭ0 is absent.
The candidates for the superconducting state in Sr 2 RuO 4 are the ''p-wave'' model ͑8͒ and the ''f -wave'' hybrid model ͑10͒. Taking into account the quasi-two-dimensional electron energy spectrum in Sr 2 RuO 4 , we calculate the current ͑18͒ numerically using the model of a cylindrical Fermi surface. The Josephson current for the hybrid ''f -wave'' model of the order parameter ͑Eq. ͑10͒͒ is compared to the p-wave model ͑Eq. ͑8͒͒ in Fig. 13 ͑for ␣ϭ/4). Note that the critical current for the ''f -wave'' model is several times smaller ͑for the same value of ⌬ 0 ) than for the ''p-wave'' model. This different character of the current-phase relation enables us to distinguish between the two states.
In Figs. 14 and 15 we present the Josephson current and the tangential current for the hybrid ''f -wave'' model for different misorientation angles ␣ ͑for the ''p-wave'' model it equals zero͒. Just as in Fig. 10 for the ''f -wave'' order parameter ͑12͒, in Fig. 14 for the hybrid ''f -wave'' model ͑9͒ the steady state of the junction with zero Josephson current corresponds to a nonzero spontaneous phase difference if the misorientation angle ␣ 0.
Thus, in this Section the stationary Josephson effect in a planar junction between triplet superconductors is considered. The analysis is based on models with ''f -wave'' symmetry of the order parameter belonging to the twodimensional representations of the crystallographic symmetry groups. It is shown that the current-phase relations are quite different for different models of the order parameter. Because the order parameter phase depends on the momentum direction on the Fermi surface, the misorientation of the superconductors leads to a spontaneous phase difference that corresponds to zero Josephson current and to the minimum of the weak-link energy. This phase difference depends on the misorientation angle and can possess any value. It has been found that in contrast to the ''p-wave'' model, in the ''f -wave'' models the spontaneous current may be generated in a direction which is tangential to the orifice plane. Generally speaking this current is not equal to zero in the absence of the Josephson current. It is demonstrated that the study of the current-phase relation of a small Josephson junction for different crystallographic orientations of banks enables one to judge the applicability of different models to the triplet superconductors UPt 3 and Sr 2 RuO 4 .
It is clear that such experiments require very clean superconductors and perfect structures of the junction because of pair-breaking effects of nonmagnetic impurities and defects in triplet superconductors.
JOSEPHSON PHASE QUBITS BASED ON d-WAVE SUPERCONDUCTORS
Quantum computing basics
As we have seen, unconventional superconductors support time-reversal symmetry breaking states on a macroscopic, or at least, mesoscopic scale. An interesting possibility arises then to apply them in quantum bits ͑qubits͒, basic units of quantum computers ͑see, e.g., Refs. 92-94͒, using T-related states of the system as basic qubit states.
A quantum computer is essentially a set of N two-level quantum systems which, without loss of generality, can be represented by spin operators (i) , iϭ1...N. The Hilbert space of the system is spanned by 2 N states ͉s 1 ͘ ͉s 2 ͘ ... 
͑22͒
Obviously, if CP(␥) is applied to a factorized state of two qubits, ͉⌿͘ϭ(␣ 1 ͉0͘ϩ␤ 1 ͉1͘) (␣ 2 ͉0͘ϩ␤ 2 ͉1͘), in the general case we will obtain an entangled state. Up to an unimportant global phase factor, CP(␥) results from the free evolution of two qubits, generated by the Hamiltonian HϭJ z
• It can be shown that a universal quantum computer ͑that is, one that can realize any possible quantum algorithm, the way a Turing machine can realize any possible classical algorithm͒ can be modeled by a chain of qubits with only nearest-neighbor interactions:
Further simplifications are possible, 95 but this would be irrelevant for our current discussion.
The operations of a quantum computer require that the parameters of the above Hamiltonian be controllable ͑more specifically, one must be able to initialize, manipulate, and read out qubits͒. For the unitary manipulations discussed above, at least some of the parameters u, ⌬, J of the Hamiltonian must be controllable from the outside during the evolution. Initialization and readout explicitly require nonunitary operations ͑projections͒. Therefore any practical implementation of a quantum computer must satisfy contradictory requirements: qubits must be isolated from the outside world to allow coherent quantum evolution ͑characterized by a decoherence time d ) for long enough time to allow an algorithm to run, but they must be sufficiently coupled to each other and to the outside world to permit initialization, control, and readout. 94 Fortunately, quantum error correction allows one to translate a larger size of the system into a longer effective decoherence time by coding each logical qubit in several logical ones ͑currently it is accepted that a system with d / g in excess of 10 4 can run indefinitely, where g is the time of a single gate application ͑e.g., the time T in the example of
CP(␥)).
Note that the operation of a quantum computer based on consecutive application of quantum gates as described above is not the only possible, or necessarily the most efficient, way of its use. In particular, it requires a huge overhead for quantum error correction. Alternative approaches have been suggested ͑e.g., adiabatic quantum computing 96 -98 ͒ which may be more appropriate for the smaller-scale quantum registers likely to be built in the immediate future.
Superconducting qubits
The size of the system is crucial not only from the point of view of quantum error correction. It is mathematically proven that a quantum computer is exponentially faster than a classical one in factorizing large integers; the number of known quantum algorithms is still small, but an active search for more potential applications is under way ͑see the above reviews and, e.g., Refs. 96 -98͒. Nevertheless the scale on which its qualitative advantages over classical computers begin to be realized is about a thousand qubits. This indicates that solid-state devices should be looked at for the solution. The use of some microsopic degrees of freedom as qubits, e.g., nuclear spins of 31 P in a Si matrix, as suggested by Kane, 99 is attractive due to both the large d and well-defined basis states. The difficulties in fabrication ͑due to small scale͒ and control and readout ͑due to weak coupling to the external controls͒ have not allowed realization of the scheme so far.
Among mesoscopic qubit candidates, superconducting, more specifically Josephson systems have the advantage of a coherent ground state and the absence or suppression of lowenergy excitations, which increases the decoherence time. Together with well-understood physics and developed experimental and fabrication techniques, this makes them a natural choice.
The degree of freedom which is coupled to the control and readout circuits determines the physics of a qubit. In the superconducting case, one can then distinguish charge and phase qubits, depending on whether the charge ͑number of particles͒ or phase ͑Josephson current͒ of the superconductor is well defined.
The simplest example of a Josephson qubit is an rf SQUID, 100 with the Hamiltonian where L is the self-inductance of the loop, and I c and C are the critical current and capacitance of the Josephson junction. The charge on the junction, Q ϭϪ2ie‫ץ‬ , is conjugate to the phase difference across it. The external flux through the loop is ⌽ x ϭ x ⌽ 0 /(2). If it equals exactly ⌽ 0 /2 ( x ϭ) the T-symmetry is broken. The potential part in ͑24͒ acquires a symmetric two-well structure, with tunneling between the wells possible due to the derivative term in ͑24͒, which reflects quantum phase uncertainty in a Josephson junction with finite capacitance. The tunneling rate is of the order of p exp(ϪU(0)/ p ), where the frequency of oscillations in one of the potential wells p ϳͱE J E Q , and the height of the potential barrier between them U(0)ϳE J . The states in the right and left wells differ by the direction of the macroscopic persistent current and can be used as qubit states ͉0͘ and ͉1͘. The dynamics of the system is determined by the interplay of the charging energy E Q ϭ2e 2 /C and Josephson energy E J ϭhI c /(2e). Here E J /E Q ӷ1, and charging effects are responsible for the tunneling splitting of the levels. Coherent tunneling between them has actually been observed 100 in a Nb/AlO x /Nb SQUID at 40 mK; the magnetic flux difference was approximately ⌽ 0 /4, which corresponded to currents of about 2 A. ͑The actual design was a little more complicated than the simple rf SQUID.͒ Fine tuning of the external flux is essential to allow resonant tunneling through the potential barrier.
In the case of small loop inductance the phase will be fixed by flux quantization. For phase to tunnel, one has to introduce extra Josephson junctions in the loop. In the threejunction design, 101 two junctions are identical, each with a Josephson energy E J , and the third one has a little smaller energy ␣E J , ␣Ͻ1. In the presence of external flux x , the energy of the system as a function of phases on the identical junctions 1 , 2 is
͑25͒
As before, if x ϭ, the system has degenerate minima. Due to the two-dimensional potential landscape, tunneling between them does not require a large flux transfer of order ⌽ 0 /2, as in the previous case. Tunneling is again possible due to charging effects, which give the system an effective ''mass'' proportional to the Josephson junction capacitance C. Coherent tunneling between the minima has been observed. 102 The potential landscape ͑25͒ was recovered from measurements on a classical 3-junction loop ͑with C too large to allow tunneling͒. 103 Rabi oscillations were observed both indirectly, using the quantum noise spectroscopy 104 ͑the observed decay time of Rabi oscillation observed in these experiments Rabi ϭ2.5 s), and directly, in time domain 105 ( Rabi ϭ150 ns). The above limit E J /E Q ӷ1 can be reversed. Then the design must include a mesoscopic island separated from the rest of the system by two tunnel junctions ͑a superconducting single electron transistor, SSET͒. The Hamiltonian becomes
where this time the role of external T-symmetry breaking parameter is played by the charge Q x induced on the island by a gate electrode. The working states are eigenstates of charge on the island; at appropriate Q x the states with Q ϭ2ne and Qϭ2(nϩ1)e are degenerate due to a parity effect, 106 where n is the number of Cooper pairs in the SSET. Quantum coherence in an SSET has been observed not just through the observation of level anticrossing near the degeneracy point, as in Refs. 100 and 102, but also in the time domain. 107 The system was prepared in a superposition of states ͉n͘,͉nϩ1͘, kept at a degeneracy point for a controlled time , and measured. The probability P() of finding the system in state n exhibited quantum beats.
A ''hybrid'' system, with E J /E Q Ӎ1, so-called ''quantronium,'' was fabricated and measured in the time domain at CEA-Saclay, 108 with an extraordinary ratio d / t Ϸ8000 ͑the tunneling time t can be considered as the lower limit of the gate application time g ). Quantronium can be described as a charge qubit, which is read out through the phase variable, and is currently the best superconducting single qubit.
An interesting inversion of the quantronium design 109 is also a hybrid qubit, this time a flux qubit read out through the charge variable. It promises several advantages over other superconducting qubits, but has not yet been fabricated and tested.
Finally, a single current-biased Josephson junction can also be used as a qubit ͑phase qubit͒. 110, 111 The role of basis states is played by the lowest and first excited states in the washboard potential. Rabi oscillations between them have been successfully observed.
The charge, hybrid, and phase qubits are mentioned here only for the sake of completeness, since unconventional superconductors are more naturally employed in flux qubits. Various Josephson qubits are reviewed in Ref. 112.
Application of d-wave superconductors to qubits
One of the main problems with the above flux qubit designs is the necessity of artificially breaking the T-symmetry of the system by putting a flux ⌽ 0 /2 through it. Estimates show that the required accuracy is 10 Ϫ5 -10 Ϫ6 . The micron-size qubits must be positioned close enough to each other to make possible their coupling; the dispersion of their parameters means that applied fields must be locally calibrated; this is a formidable task given such sources of field fluctuations as fields generated by persistent currents in qubits themselves, which depend on the state of the qubit; field creep in the shielding; captured fluxes; magnetic impurities. Moreover, the circuitry which produces and tunes the bias fields is an additional source of decoherence in the system. ͑Similar problems arise in charge qubits, where the gate voltages must be accurately tuned.͒ These problems are avoided if the qubit is intrinsically bistable. The most straightforward way to achieve this is to substitute the external flux by a static phase shifter, a Josephson junction with unconventional superconductors with nonzero equilibrium phase shift 0 . From ͑25͒, one sees that, e.g., a three-junction qubit would require an extra -junction ( 0 ϭ). 113 In the same way a -junction can be added to a multiterminal phase qubit. 114 The only difference compared to the case of external magnetic field bias is in the decoher-ence time: instead of noise from field generating circuits we will have to take into account decoherence from nodal quasiparticles ͑see below͒.
A more interesting possibility is opened up if the bistable d-wave system is employed dynamically, that is, if its phase is allowed to tunnel between the degenerate values. In a socalled ''quiet'' qubit 113 an SDSЈ junction ͑effectively two SD junctions in the ͑110͒ direction͒ is put in a low-inductance SQUID loop in parallel with a conventional Josephson junction and large capacitor. One of the SD junctions plays the role of a /2-phase shifter. The other junction's capacitance C is small enough to make possible tunneling between /2 and Ϫ/2 states due to the charging term Q 2 /2C. Two consecutive SD junctions are effectively a single junction with equilibrium phases 0 and ͑which are chosen as working states of the qubit͒. The control mechanisms suggested in Ref. 113 are based on switches c and s. Switch c connects the small SЈD junction to a large capacitor, thus suppressing the tunneling. Connecting s for the duration ⌬t creates an energy difference ⌬E between ͉0͘ and ͉1͘, because in the latter case we have a frustrated SQUID with 0-and -junctions, which generates a spontaneous flux ⌽ 0 /2. This is a generalization of applying the operation z to the qubit. Finally, if switch c is open, the phase of the small junction can tunnel between 0 and . Entanglement between qubits is realized by connecting them through another Josephson junction in a bigger SQUID loop. The suggested implementation for switches is based on a low-inductance dc-SQUID design with a conventional and a -junction in parallel, with I c,0 ϭI c, . In the absence of external magnetic field the Josephson current through it is zero, while at external flux ⌽ 0 /2 it equals 2I c . Instead of external flux, another SDSЈ junction, which can be switched by a voltage pulse between the 0 ͑closed͒ and ͑open͒ states, is put in series with the -junction.
The above design is very interesting. Due to the absence of currents through the loop during tunneling between ͉0͘ and ͉1͘ the authors called it ''quiet,'' though, as we have seen, small currents and fluxes are still generated near the SD boundaries.
Another design based on the same bistability 115 only requires one SD or DD boundary. Here a small island contacts a massive superconductor, and the angle between the orientation of d-wave order parameter and the direction of the boundary can be arbitrary ͑as long as it is compatible with bistability͒. The advantage of such a design is that the potential barrier can to a certain extent be controlled and suppressed; moreover, in general there are two ''working'' minima Ϫ 0 , 0 ; the phase of the bulk superconductor across the boundary is zero will be separated from each other by a smaller barrier than from the equivalent states differing by 2n. This allows us to disregard the ''leakage'' of the qubit state from the working space spanned by ͉͑0͘,͉1͒͘, which cannot be done in a ''quiet'' design with exact -periodicity of the potential profile. A convenient way of fabricating such qubits is to use grain-boundary DD junctions, where a two-well potential profile has indeed been observed. 104 Operations of such qubits are based on the tunable coupling of the islands to a large superconducting ''bus'' and would allow the realization of a universal set of quantum gates. 116 A more advanced design was fabricated and tested in the classical regime in Ref. 117 . Here two bistable d-wave grainboundary junctions with a small superconducting island between them are set in a SQUID loop. ͑The junctions themselves are also small, so that the total capacitance of the system allows phase tunneling.͒ In the case when the two junctions have the same symmetry but different critical currents, in the absence of external magnetic field there is no current passing through the big loop, and therefore the qubit is decoupled from the electromagnetic environment ͑''silent''͒. The second-order degeneracy of the potential profile at the minimum drastically reduces the decoherence due to coupling to the external circuits.
Decoherence in d-wave qubits
Decoherence is the major concern for any qubit implementation, especially for solid-state qubits, due to the abundance of low-energy degrees of freedom. In superconductors, this problem is mitigated by the exclusion of quasiparticle excitations due to the superconducting gap. This also explains why the very fact of existence of gapless excitations in high-T c superconductors long served as a deterrent against serious search for macroscopic quantum coherence in these systems. An additional source of trouble may be zero-energy states ͑ZES͒ in DD junctions.
Nevertheless, recent theoretical analysis of DD junctions, 118, 119 all using quasiclassical Eilenberger equations, shows that the detrimental role of nodal quasiparticles and ZES could be exaggerated.
Before turning to these results, let us first do a simple estimate of dissipation due to nodal quasiparticles in bulk d-wave superconductors. 120 Consider, for example, a three-junction ͑''Delft''͒ qubit with d-wave phase shifters. The ͉0͘ and ͉1͘ states support, respectively, clockwise and counterclockwise persistent currents around the loop, with superfluid velocity v s . Tunneling between these states leads to nonzero average ͗v s 2 ͘ in the bulk of the superconducting loop. The time-dependent superfluid velocity produces a local electric field
and quasiparticle current j qp ϭE. The resulting average energy dissipation rate per unit volume is
͑28͒
Here qp is the quasiparticle lifetime, and
is the effective quasiparticle density. The angle-averaged density of states inside the d-wave gap is
where ϭ⌬ 0 Ϫ1 d͉⌬()͉/d, and ⌬ 0 is the maximal value of the superconducting order parameter. Substituting ͑30͒ in ͑29͒, we obtain
where Li 2 (z) is the dilogarithm. Expanding for small p F v s ӶT, we obtain
͑32͒
The two terms in parentheses correspond to thermal activation of quasiparticles and their generation by a currentcarrying state. Note that a finite quasiparticle density by itself does not lead to any dissipation. In the opposite limit (TӶp F v s ) only the second contribution remains,
The energy dissipation rate gives the upper limit for the decoherence time ͑since dissipation is a sufficient but not necessary condition for decoherence͒. Denoting by I c the amplitude of the persistent current in the loop, by L the inductance of the loop, and by ⍀ the effective volume of the d-wave superconductor in which persistent current flows, we can write
͑34͒
Note that the thermal contribution to Ϫ1 is independent of the absolute value of the supercurrent in the loop (ϰv s ), while the other term scales as I c 2 . Both contributions are proportional to ⍀ and ͑via v s ) to t , the characteristic frequency of current oscillations ͑i.e., the tunneling rate between clockwise and counterclockwise current states͒.
It follows from the above analysis that the intrinsic decoherence in a d-wave superconductor due to nodal quasiparticles can be minimized by decreasing the amplitude of the supercurrent through it, and the volume of the material where time-dependent supercurrents flow. Now let us estimate the dissipation in a DD junction. First, following Refs. 115 and 122, consider a DND model with ideally transmissive ND boundaries. Due to tunneling, the phase will fluctuate, creating a finite voltage on the junction, Vϭ(1/2e) , and a normal current I n ϭGV. The corresponding dissipative function and decay decrement are
Here E Q ϭe 2 /2C, M Q ϭC/16e 2 ϭ1/32E Q , and N Ќ are the Coulomb energy, effective ''mass,'' and number of quantum channels in the junction, respectively. The last is related to the critical Josephson current I 0 and spacing between Andreev levels in the normal part of the system, ⑀ ϭv F /2L, via
We require that ␥/ 0 Ӷ1, where 0 ϭͱ32N Ќ E Q ⑀ / is the frequency of small phase oscillations about a local minimum. This means that
The above condition allows a straightforward physical interpretation. In the absence of thermal excitations, the only dissipation mechanism in the normal part of the system is through transitions between Andreev levels, induced by fluctuation voltage. These transitions become possible if ⑀ Ͻ2eV ϳ ͱ 2 ϳ 0 , which brings us back to ͑38͒. Another interpretation of this criterion arises if we rewrite it as 0
Ϫ1 ͑Ref. 115͒. On the right-hand side we see the time for a quasiparticle to traverse the normal part of the junction. If it exceeds the period of phase oscillations ͑on the left-hand side͒, Andreev levels simply do not have time to form. Since they provide the only mechanism for coherent transport through the system, the latter is impossible, unless our ''no dissipation'' criterion holds.
For a normal-layer thickness Lϳ1000 Å and v F ϳ10 7 cm/s this criterion limits 0 Ͻ10 Ϫ12 s Ϫ1 , which is a comfortable two orders of magnitude above the tunneling splitting usually obtained in such qubits (ϳ1 GHz) and can be accommodated in the above designs. Nevertheless, while presenting a useful qualitative picture, the DND model is not adequate for the task of extracting quantitative predictions.
A calculation 123 using the model of a DD junction interacting with a bosonic thermal bath gave an optimistic estimate for the quality of the tricrystal qubit, QϾ10
8 . The role of size quantization of quasiparticles in small DD and SND structures was suggested in Refs. 113 and 115. The importance of this effect is that it would exponentially suppress the quasiparticle density and therefore the dissipation below the temperature of the quantization gap, estimated as 1-10 K. Recently this problem was investigated for a finite-width DD junction. Contrary to expectations, the size quantization as such turned out to be effectively absent on a scale exceeding 0 ͑that is, practically irrelevant͒. From the practical point of view this is a moot point, since the decoherence time due to the quasiparticles in the junction, estimated in Ref. 119 , already corresponds to a quality factor / g ϳ10 6 , which exceeds by two orders of magnitude the theoretical threshold allowing a quantum computer to run indefinitely.
The expression for the decoherence time obtained in Ref. 119 ,
where ␦ is the difference between equilibrium phases in degenerate minima of the junction ͑i.e., ␦ϭ2 0 in other notation͒, contains the expression for the quasiparticle current in the junction at finite voltage, ⌬ t /e ͑where ⌬ t is the tunneling rate between the minima͒. This agrees with our back-of-the-envelope analysis: phase tunneling leads to finite voltage in the system through the second Josephson relation, and with finite voltage comes quasiparticle current and decoherence. The quality factor is defined as Qϭ ⌬ t /2ប, that is, we compare the decoherence time with the tunneling time. Strictly speaking, it is the quality factor with respect to the fastest quantum operation realized by the natural tunneling between the minima at the degeneracy point. For the Rabi transitions between the states of the qubit this number is much lower ͑10-20 versus 8000; Ref. 108͒ on account of the relatively low Rabi frequency. A much bigger threat is posed by the contribution from zero-energy bound states, which can be at least two orders of magnitude larger. We can see this qualitatively from ͑39͒: a large density of quasiparticle states close to zero energy ͑i.e., at the Fermi level͒ means that even small voltages create large quasiparticle currents, which sit in the denominator of the expression for . Fortunately, this contribution is suppressed in the case of ZES splitting, and such splitting is always present due, e.g., to the finite equilibrium phase difference across the junction.
A similar picture follows from the analysis presented in Ref. 124 . A specific question addressed there is especially important: it is known that the RC constant measured in DD junctions is consistently 1 ps over a wide range of junction sizes, 125 and it is tempting to accept this value as the dissipation rate in the system. It would be a death knell for any quantum computing application of high-T c structures, and nearly that for any hope to see some quantum effects there. Nevertheless, it is not quite that bad. Indeed, we saw that the ZES play a major role in dissipation in a DD junction but are sensitive to phase differences across it. Measurements of the RC constant are made in the resistive regime, when a finite voltage exists across the junction, so that the phase difference grows monotonically in time, forcing the ZES to approach the Fermi surface repeatedly. Therefore RC reflects some averaged dissipation rate. On the other hand, in a free junction with not too high a tunneling rate the phase difference obviously tends to oscillate around 0 or Ϫ 0 , its equilibrium values, and does not spend much time near zero or ; therefore the ZES are usually shifted from the Fermi level, and their contribution to dissipation is suppressed.
This qualitative picture is confirmed by a detailed calculation. The decoherence time is related to the phasedependent conductance via
Here ␣ is the dissipation coefficient, ␦E is the interlevel spacing in the well, and
For a realistic choice of parameters Eq. ͑40͒ gives a conservative estimate ϭ1 -100 ns, and quality factor Q ϳ1 -100. This is, of course, too little for quantum computing, but quite enough for observation of quantum tunneling and coherence in such junctions.
CONCLUSION
We have reviewed one of the most intriguing aspects of unconventional superconductivity, the generation of spontaneous currents in unconventional Josephson weak links. The mixing of the unconventional order parameters from the junction banks leads to the formation of a T-breaking state in the weak link. A consequence of the time-reversal symmetry breaking is the appearance of a phase difference across the Josephson junction in the absence of current through the contact. This phenomenon, not present in conventional junctions between standard superconductors, radically changes the physics of weakly coupled superconductors. The currentphase relations for unconventional Josephson Nevertheless, the important advantages of d-wave qubits, e.g., from the point of view of scalability, not to mention the fundamental significance of the T-breaking phenomenon, demand future experimental investigations of unconventional weak links and devices based on them.
APPENDIX I. TEMPERATURE DEPENDENCE OF THE ORDER PARAMETER IN A d-WAVE SUPERCONDUCTOR
In a bulk homogeneous d-wave superconductor the BCS equation for the order parameter ⌬(v F ) takes the form ͪ is the matrix Green's function, which depends on the Matsubara frequency , the electron velocity on the Fermi surface v F , and the coordinate r; here
is the superconducting order parameter. In the general case it depends on the direction of the vector v F and is determined by the self-consistent equation
Solution of the matrix equation ͑A4͒ together with the selfconsistent order parameter ͑A5͒ determines the current density j(r) in the system:
͑A6͒
In the following we will consider the two-dimensional case; N(0)ϭm/2 is the 2D density of states and ͗...͘ 
II.2. Analytical solutions of Eilenberger equations in the model with non-self-consistent order parameter distribution
II.3. Quasiclassical Eilenberger equations for triplet superconductors
The ''transport-like'' equations for the -integrated Green's functions ǧ (k ,r, m ) can be obtained for triplet superconductors:
The function ǧ satisfies the normalization condition ǧ ǧ ϭϪ1. ͑A15͒
Here m ϭT(2mϩ1) are discrete Matsubara energies, v F is the Fermi velocity, and k is a unit vector along the electron velocity, and 3 ϭ 3 Î, and i (iϭ1,2,3) are Pauli matrices in a particle-hole space. The Matsubara propagator g can be written in the form:
͑A16͒
as can be done for an arbitrary Nambu matrix. The matrix structure of the off-diagonal self-energy ⌬ in Nambu space is
ͪ .
͑A17͒
Below we consider so-called unitary states, for which d ϫd*ϭ0. 
͑A20͒
where is the external phase difference. Equations ͑A14͒ and ͑A18͒ have to be supplemented by the boundary continuity conditions at the contact plane and conditions of reflection at the interface between superconductors. Below we assume that this interface is smooth and the electron scattering is negligible. In a ballistic case the system of 16 equations for the functions g i and g i can be decomposed into independent blocks of equations. The set of equations which enables us to find the Green's function g 1 is iv F k ٌg 1 ϩ͑g 3 dϪg 2 d*͒ϭ0; ͑A21͒ iv F k ٌg Ϫ ϩ2i͑dϫg 3 ϩd*ϫg 2 ͒ϭ0; ͑A22͒ iv F k ٌg 3 Ϫ2i m g 3 Ϫ2g 1 d*Ϫid*ϫg Ϫ ϭ0; ͑A23͒ iv F k ٌg 2 ϩ2i m g 2 ϩ2g 1 dϪidϫg Ϫ ϭ0, ͑A24͒
where g Ϫ ϭg 1 Ϫg 4 . For the non-self-consistent model (⌬ 1,2 does not depend on the coordinates up to the interface͒, Eqs. ͑A21͒-͑A24͒ can be solved by integrating over ballistic trajectories of electrons in the right and left half-spaces. The general solution satisfying the boundary conditions ͑A19͒ at infinity is g 1 ͑ n ͒ ϭ i m ⍀ n ϩiC n exp͑Ϫ2s⍀ n t ͒; ͑A25͒ g Ϫ ͑ n ͒ ϭC n exp͑Ϫ2s⍀ n t ͒; ͑A26͒
where t is the time of flight along the trajectory, sign(t)
ϭsign(z)ϭs; ϭsign(v z ); ⍀ n ϭͱ m 2 ϩ͉d n ͉ 2 . By matching the solutions ͑A25͒-͑A28͒ at the orifice plane (tϭ0), we find the constants C n and C n . The index n numbers the left (nϭ1) and right (nϭ2) half-spaces. The function g 1 (0) ϭg 1
(1) (Ϫ0)ϭg 1 (2) (ϩ0), which determines the current density in the contact, is 
͑A29͒
In formula ͑A29͒ we have taken into account that for unitary states the vectors d 1,2 can be written as d n ϭ⌬ n exp i n , ͑A30͒
where ⌬ 1,2 are real vectors.
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